The convergence of sum rules relating the matrix elements of local, operators to integrals over deep-inelastic structure functions is studied critically.
I. INTRODUCTION
The study of the deep-inelastic limit of lepton-nucleon scattering has produced a profusion of sum rules similar to those of old-fashioned equal-time current algebra. These sum rules generally relate integrals over deep-inelastic structure functions to the single-nucleon matrix elements of local operators.
Some, like the Bjorken [l] limit of the Adler sum rule [2] for neutrino scattering, relate convergent integrals over the data (assuming the Pomeranchuk theorem to apply to highly virtual processes) to known static properties of the nucleon.
Others however, such as the sum rule of Jackiw, van Royen and West [3] for the operator Schwinger term, appear to diverge if the structure functions possess the Regge behavior expected of them, It is very important to understand whether such divergences are actual, indicating for example that the operator Schwinger term is truly infinite in the presence of Regge behavior, -or artifactual, indicating a breakdown in the method of derivation -since it is not known a priori whether or not objects such as the operator Schwinger - term are finite.
Our object is to present a straightforward and systematic analysis of these apparent divergences employing several of the techniques for writing finite sum rules which have been developed over the past few years [4, 5, 6] , and using the Schwinger term sum rule as an example [7] . These techniques and our conclusions are quite general and apply to a wide class of sum rules, some of which we shall enumerate. While many of the considerations in this paper already appear in the literature, we feel that the consistency, generality and utility of these techniques are not widely recognized [8] and warrant a unified presentation.
For the case of the Schwinger term, we find that if the sum rule of Ref. [3] is divergent due to asymptotic Regge behavior, the derivation is invalid [9] . Even if Regge asymptotics are such that the integral converges, the sum rule of Ref. 131 obtains only if o=O fixed singularities in the real part of the virtual Compton amplitudes have residues which are polynomials in q2
(the square of the photon's mass). If they do not, the sum rule of Ref. [3] may be modified by an additive, unknown constant. In the presence of leading
Regge behavior further modifications occur: We obtain a sum rule which is a generalization of that proposed originally in Ref. The paper is organized as follows.
In Section II we give a straightforward derivation of the sum rule of Ref. [3] based on the Bjorken-Johnson-Low (BJL) theorem [lo, 111. In the presence of Regge trajectories with intercepts 010, or of cr=O fixed singularities, the derivation is invalid, and the Schwinger term is related to a subtraction constant rather than an integral over a structure function.
In Section III we parameterize the expected Regge asymptotic behavior and use dispersion relations to relate the subtraction constant to a finite integral over the structure function (with its leading Regge behavior subtracted off) and the residue of a possible a=0 fixed singularity.
The versions of the sum rule found in the literature may be obtained from this general result with appropriate additional assumptions.
In Section IV we argue that this general result is not an artifact of our particular derivation (via the BJL theorem) but may equally well be obtained from light-cone analyses or in the parton model. The possible cr=O fixed singularity which entered the BJL derivation is found to correspond, in the light cone analysis, to a &function of the structure function in the Bjorken limit and to be absent in the parton model.
In Section V we study second order perturbation theory in @3 theory and the vector gluon model and obtain results which exemplify the conclusion of Sections III and IV. In particular the rather subtle workings of the sum rule in the vector gluon model, pointed out by Corrigan and by Zee [7] , fit simply into our scheme.
Section VI contains a summary of our conclusions and an enumeration of other sum rules to which they apply. We tabulate the sum rules as they occur in the literature and indicate the modifications discovered by our analysis.
In the Appendix we demonstrate how to deal with an cz=O term in the imaginary part and with Regge cuts.
II. DERIVATION OF THE SCHWINGER TERM SUM RULE FROM THE BJL THEOREM
The proton matrix element of the equal-time commutator of the electromagnetic charge and current densities defines the Schwinger term [12] :
The BJL theorem [ 10, 
whose absorptive part i W IJV =-&ImT pV) describes inelastic electroproduction.
To isolate the Schwinger term consider Toi and take the limit q. 
where the right hand side has been obtained by partial integration of Eq. (2).
To study Toi we write the covariant decomposition
where v = Pa q and tL and t2 are free of kinematic singularities and related to the conventional amplitudes [ 131 by tL=-j(--&T2+Tl) , t2=-$T2 .
For convenience we choose the coordinate system in which P'-0 so that Eq. (3) becomes: gi ALL qOqi(tL(q2, ') + t2(q2, '))= --' + O ~ + qip(S2, ') 90 \ 1 40 (5) where P(q2, v ) is some polynomial in q2 and v , which is to be identified with terms on the right-hand side which do not vanish as q. -im. Identifying the coefficient of l/qo, we obtain s = -;yL q2 (~Le42,v) + f2(q2,v)) , (6) where EL and f2 are defined to have all those terms subtracted off which in the limit vanish like l/v or more slowly. Of course it is not certain that Regge considerations apply in the limit q2--ca where we shall study Eq. (7) . In this spirit we assume for the moment that both dispersion integrals of Eq. (7) are convergent.
The relation between wL and w2 and the conventional structure functions is -q2 wL(q2, v) = ; F2(q2,w) -F,(q2,w) = FL(q2, w) (9) In the BJL limit q2+ --oo and a2 -L 4M2/q2 . Combining Eqs. (6) and (10) and assuming scaling we obtain the sum rule of Jackiw, van Royen and West [3] and Eqs. (6) and (12) yield S = -lim q2 CL(q2,0) .
That is, the Schwinger term is given by the subtraction constant. It is already apparent that any divergence of S must arise from the q 2 -+ -00 limit. There is good reason to believe that such singularities are fixed [5, 14, 15 ,16](i. e., they occur at J=a!(t) where o(t)=0 for all t) and have residues which are polynomial in q2 for amplitudes free of kinematic singularities [5, 15] . We shall refer to such singularities as fixed poles (although Kronecker delta [I63 is perhaps more correct for tL).
Defining the residue
we conclude from Eqs. (16) and (17) in Section V we find that the order of limit and integral is essential in reconciling the results of Corrigan and Zee [7] . Finally we perform the integration .from a=0 to w=l 2 -R 2 , W) = -F L(q , to obtain our Schwinger term sum rule s= lim 2
We now consider the analyticity of the Schwinger term sum rule in ac.
Assume scaling and take FL(w) to be the sum of an asymptotically vanishing piece f(w) and a single trajectory contributing y(cr)oly. Equation ( In the Appendix we also give a regularization scheme for Regge cuts with cuc>O. These present no problems in principle in obtaining a finite Schwinger term, given scaling. 
For simplicity we assume Bjorken scaling for F2 L (q2, W) -the more general , treatment is more complex but no more enlightening -which requires the following singularity in VL(y2, y. P) [ 31 :
where cL(y2, y. P) does not contribute to FL(w). V2 does not enter the sum rule and we ignore it henceforth. After Fourier transformation we find A-M dJi e-ih'w 
cannot be ruled out a priori. Such a term will not be encountered in the integral -of Eq. (23) but contributes to Eq. (29). This is the formal expression of a nonpolynomial fixed pole in this coordinate space derivation.
We now give the light-cone BJL derivation which, correctly treated, relates the Schwinger term to a subtraction constant. We take the limit q -00 
Equating subtraction constants we obtain S = -1im q2 tL(q2, 0) 2 q -W--cc, (33) which was obtained before from the BJL limit, so that the sum rule follows from the analysis of Section III. Equating absorptive parts we obtain Eq. (26) . and none of the complexities of Section III occur.
However it is well known that S is logarithmically divergent to second order. The infinity arises from the diagrams of Fig. 3 , which do not contribute to FL(w). The contact term of Fig. 3c gives a logarithmic divergence
where A is some cutoff. However the sum of the diagrams of Fig. 3 The box diagrams
corresponding to a nonpolynomial fixed pole.
Combining Eqs. (45) and (46) It is important to realize that Eqs. (47) and (49) are completely equivalent.
In the first case the integral is to be evaluated before letting q2M-m, so that any b-function singularity in the Bjorken limit will not be encountered. The 2)
There is no counter term for an a=0 piece in FL(q2, w). Therefore the sum rule need not be analytic in a! at a!=O, though t ,(q2, v ) may be. In Table I we list the scaling behavior predicted by the quark-vector gluon model and in Table II give regulated and unregulated forms of the sum rules with appropriate references. All these sum rules can be modified by nonpolynomial fixed poles. The fixed q2 sum rules may be invalid and the scaling sum rules may be modifiedbyanadditional constant if there are nonpolynomial fixed poles. Note that the scalar densities which occur in Table II for where G(cr c, q2) is the term in q 2 Rct'42,w, tL oc) which is asymptotically constant as w *co, and is necessarily finite. Moreover G(ac, q2) has a finite limit as --q2 4 -00, given scaling of FL(q2, W) .
From the analyses we conclude
1) The sum rule need not be analytic in CY although t,(q2, v ) may be.
2)
S is finite given scaling and the existence of C = lim C(q2). Scaling functions are defined in Table I 
